In previous articles, we classified the characters associated to algebraic points on Shimura curves of Γ 0 (p)-type, and over number fields in a certain large class we showed that there are at most elliptic points on such a Shimura curve for every sufficiently large prime number p. In this article, we obtain an effective bound of p concerning algebraic points on Shimura curves of Γ 0 (p)-type.
Notation
For an integer n ≥ 1 and a commutative group (or a commutative group scheme) G, let G[n] denote the kernel of multiplication by n in G. For a field F , let char F denote the characteristic of F , let F denote an algebraic closure of F , let F sep (resp. F ab ) denote the separable closure (resp. the maximal abelian extension) of F inside F , and let G F = Gal(F sep /F ), G ab F = Gal(F ab /F ). For a prime number p and a field F of characteristic 0, let θ p : G F −→ F × p denote the mod p cyclotomic character. Let | · | denote the usual complex absolute value on C. For a number field or a local field k, let O k denote the ring of integers of k. For a number field k, put n k := [k : Q]; let d k denote the discriminant of k; let h k denote the class number of k; let r k denote the rank of the unit group O × k ; let R k denote the regulator of k; fix an inclusion k ֒→ C and take the algebraic closure k inside C; let k v denote the completion of k at v where v is a place (or a prime) of k; let k A denote the adèle ring of k; and let Ram(k) denote the set of prime numbers which are ramified in k. For a scheme S and an abelian scheme A over S, let End S (A) denote the ring of endomorphisms of A defined over S. If S = Spec(F ) for a field F and if F ′ /F is a field extension, simply put End 
Introduction
Let B be an indefinite quaternion division algebra over Q. 
of Z p -algebras. 
For real points on M B , we know the following.
In the previous article, we showed that there are few points on M B 0 (p) for every sufficiently large prime number p, which is an analogue of the study of points on the modular curve X 0 (p) ( [12] , [13] ; for related topics, see [2] ).
. Let k be a finite Galois extension of Q which does not contain the Hilbert class field of any imaginary quadratic field. Then there is a finite set L(k) of prime numbers depending on k which satisfies the following. Assume that there is a prime number q which splits completely in k and satisfies
, and let p > 4q be a prime number which also
We can identify M B 0 (p)(C) with a quotient of the upper half-plane, and we use the notion of "elliptic points" in this context. In Theorem 1.3, the set L(k) can be described explicitly. In this article, we modify the set L(k) slightly, and obtain its effective bound in Section 7.
Galois representations associated to QM-abelian surfaces (generalities)
We consider the Galois representation associated to a QM-abelian surface. Take a prime number p not dividing d. Let F be a field with char F = p. Let (A, i) be a QM-abelian surface by O over F . We have isomorphisms of Z p -modules:
The middle is also an isomorphism of left O-modules; the last is also an isomorphism of Z p -algebras (which is fixed in (1.1)). We sometimes identify these Z p -modules. Take a Z p -basis
. Then the image of the natural map
where Aut O⊗ Z Zp (T p A) is the group of automorphisms of T p A commuting with the action of O ⊗ Z Z p . We often identify Aut(T p A) = GL 4 (Z p ). The above observation implies
where I 2 = 1 0 0 1 . Then the Galois representation ρ factors as
be the reduction of ρ modulo p. Let
denote the Galois representation induced from ρ by " s t u v ", so that we have
denote the character induced from ρ A,p by "s", so that
Automorphism groups
We consider the automorphism group of a QM-abelian surface. Let (A, i) be a QMabelian surface by O over a field F . Put
Fields of definition
Let k be a number field. Let p be a prime number not dividing d. Take a point
is represented by a QM-abelian surface (say (A x , i x )) over k, and x is represented by a triple (
Then Aut(x) is a subgroup of Aut(x ′ ). Note that x is an elliptic point of order 2 (resp. 3) if and only if Aut(x) ∼ = Z/4Z (resp. Aut(x) ∼ = Z/6Z).
Since x is a k-rational point, we have σ x = x for any σ ∈ G k . Then, for any σ ∈ G k , there is an isomorphism
which we fix once for all. Let
be the isomorphism induced from φ σ by forgetting V x . For σ, τ ∈ G k , put
and c
Then c x (resp. c ′ x ) is a 2-cocycle and defines a cohomology class
Here the action of G k on Aut(x) (resp. Aut(x ′ )) is defined in a natural manner (cf. [4, Section 4]). 
. Then we can take (A x , i x , V x ) to be defined over k.
(2) Assume Aut(x) = {±1}. Then there is a quadratic extension K of k such that we can take (A x , i x , V x ) to be defined over K. (1) We can take (A x , i x , V x ) to be defined over K.
Classification of characters
We keep the notation in Section 4. Throughout this section, assume Aut(x) = {±1}. Let K be a quadratic extension of k which satisfies the equivalent conditions in Lemma 4.3. Then x is represented by a triple (A, i, V ), where (A, i) is a QM-abelian
where tr K/k : G k −→ G ab K is the transfer map. Notice that the induced map tr
Let M new be the set of prime numbers q such that q splits completely in k. Let N new be the set of primes q of k such that q divides some prime number q ∈ M new . Take a finite subset ∅ = S new ⊆ N new which generates the ideal class group of k. For each prime q ∈ S new , fix an element
For any element β ∈ F R(n), we have |β| = √ n. For a prime q of k, put N(q) = ♯(O k /q). If q ∈ S new , then N(q) is a prime number. Define the sets Proof. It suffices to modify the proof of Theorem 5.6 in [4] slightly. First, notice that the abelian surface A ⊗ K K q K over K q K (which corresponds to x ⊗ K q K ) has good reduction after a totally ramified finite extension M(q)/K q K without assuming q ≥ 5 ([9, Proposition 3.2, p.101]). Second, in the case where ε is of type 2, notice that β 
where Cl K is the ideal class group of K and Cl k −→ Cl K is the map defined by
Proof.
(ii) The argument in the proof of Lemma 5.11 (ii) in [5] works here, but we may not have β = ± √ −q. Nevertheless we have β 24 = q 12 as seen in the proof of Theorem 5.1, and so we are done.
We also have the following with the same proof as before. 
Irreducibility result
Let k be a number field, and let (A, i) be a QM-abelian surface by O over k. For a prime number p not dividing d, assume that the representation ρ A,p in (2.1) is reducible. Then there is a 1-dimensional sub-representation of ρ A,p ; let ν be its associated character. In this case notice that there is a left O-submodule V of A[p](k) with F p -dimension 2 on which G k acts by ν, and so the triple (A, i, V ) determines a point x ∈ M B 0 (p)(k). Take any quadratic extension K of k. Then we have the
Theorem 6.1. Let k be a finite Galois extension of Q which does not contain the Hilbert class field of any imaginary quadratic field. Assume that there is a prime number q which splits completely in k and satisfies B ⊗ Q Q(
Let p > 4q be a prime number which also satisfies p ≥ 11, p = 13, p ∤ d and
is irreducible.
Proof. Assume that ρ A,p is reducible. Then the associated character ϕ is of type 2 in Theorem 5.1, because k does not contain the Hilbert class field of any imaginary quadratic field. By Lemma 5.3, we have
, which is a contradiction.
Theorem 6.2. Let k be a finite Galois extension of Q which does not contain the Hilbert class field of any imaginary quadratic field. Assume that there is a prime number q which splits completely in k and satisfies B ⊗ Q Q(
and let p > 4q be a prime number which also satisfies p ≥ 11, p = 13, p ∤ d and
(Proof of Theorem 6.2)
Let k be a finite Galois extension of Q which does not contain the Hilbert class field of any imaginary quadratic field, and let q be a prime number which splits completely in k and satisfies B ⊗ Q Q( √ −q) ∼ = M 2 (Q( √ −q)). Let p > 4q be a prime number which also satisfies p ≥ 11, p = 13 and 
(k)
We estimate the set N new 1 (k) in the method of [8] .
Theorem 7.1 ([11, Theorem 1.1, p.272]). There is an absolute, effectively computable constant A 1 > 1 such that for every finite extension k 1 of Q, every finite Galois extension k 2 of k 1 and every conjugacy class C of Gal(k 2 /k 1 ), there is a prime q of k 1 which is unramified in k 2 , for which Frob q = C, for which N(q) is a prime number, and which satisfies the bound N(q) ≤ 2d
. Here Frob q is the (arithmetic) Frobenius conjugacy class at q in Gal(k 2 /k 1 ).
Proposition 7.2 ([8, Proposition 4.2])
. Let A 1 be the constant in Theorem 7.1. Then we can take S new so that every prime q ∈ S new satisfies N(q) ≤ 2d
For a place v of k and an element α ∈ k, define ||α|| v as follows.
• If v is finite, let q be the prime of k corresponding to v, and let ||α|| v := N(q) −ord q(α) where ord q (α) is the order of α at q. Here we put ||α|| v := 0 if α = 0.
• If v is real, let τ : k ֒→ R be the embedding corresponding to v, and let ||α|| v := |τ (α)|.
• If v is complex, let τ : k ֒→ C be one of the embeddings corresponding to v, and let ||α|| v := |τ (α)| 2 .
For an element α ∈ k, let H(α) denote the absolute height of α defined by
where v runs through all places of k. We know that there is a positive constant δ k , depending only on k, such that for every non-zero element α ∈ k that is not a root of unity we have log H(α) ≥ δ k /n k (cf. [6, p.70] ). Fix such a constant δ k . Define the
Proposition 7.3. Let q be a prime of k. Then there is an element α
Proof. Take an element γ ∈ O k \ {0} which satisfies q
Define the constant C 2 (k) := exp(24n k C 1 (k)R k ). )| ≤ C(k, N(q)) for any ε ∈ E(k) and any β q ∈ F R(N(q)).
Proof. For any τ ∈ Gal(k(β q )/Q), we have |((α
From now to the end of this section, take S new as in Proposition 7.2, and take α q to be α ) for some elements q ∈ S new , ε ∈ E(k) and β q ∈ F R(N(q)). Then we obtain |m| ≤ C(k, N(q)) ≤ C(k, 2d ). If p ∈ T new (k), then p ≤ max(3, 2d
